2.1 Rates of Change and Limits AP Calculus

2.1 RATES OF CHANGE AND LIMITS

Notecards from Section 2.1: How to Evaluate a Limit, Properties of Limits, Definition of a Limit at x = ¢, When Limits
fail, and Limits you should know.

Limits

Limits are what separate Calculus from pre — calculus. Using a limit is also the foundational principle behind the two most
important concepts in calculus, derivatives and integrals. Limits can be found using substitution, graphical investigation,
numerical approximation, algebra, or some combination of these.

Average and Instantaneous Velocity

In pre — calculus courses, you used the formula d = rt to determine the speed of an object. What you found was the object’s
average speed. A moving body’s average speed during an interval of time is found by dividing the total distance covered
by the elapsed time. (Speed is always positive ... Velocity indicates direction and can be negative.) We are going to find
the average velocity.

If an object is dropped from an initial height of h,, we can use the position function s(t) =-16t* + h, to model the height,
s, (in feet) of an object that has fallen for t seconds.

Example: Wile E. Coyote, once again trying to catch the Road Runner, waits for
the nastily speedy bird atop a 900 foot cliff. With his Acme Rocket Pac
strapped to his back, Wile E. is poised to leap from the cliff, fire up his rocket
pack, and finally partake of a juicy road runner roast. Seconds later, the Road
Runner zips by and Wile E. leaps from the cliff. Alas, as always, the rocket
malfunctions and fails to fire, sending poor Wile E. plummeting to the road
below disappearing into a cloud of dust.

a) What is the position function for Wile E. Coyote?

b) Find Wile E.’s average velocity for the first 3 seconds.

¢) Find Wile E.’s average velocity between t = 2 and t = 3 seconds.

d) Find Wile E.’s velocity at the instant t = 3 seconds.

The problem with part d is that we are trying to find the instantaneous velocity. Without the concept of a limit, we could
not find the answer to part d. Using a limit to solve this problem involves studying what happens to the velocity as we get
“close” to 3 seconds.

Example: Find the average velocity between t = 2.5 and t = 3 seconds.

Example: Find the average velocity between t = 2.9 and t = 3 seconds.

Example: Find the average velocity between t = 2.99 and t = 3 seconds.

Example: Find the average velocity between t = 2.999 and t = 3 seconds.

So, even though we cannot find the average velocity at exactly t = 3 seconds, we can discover what Wile E.’s velocity is
approaching att = 3 seconds.
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Example: Sketch the graph of f (x)= POX#£2.
X

a) What happens at x = 2?
b) Complete the table of values below to determine what happens as x gets “close” to 2.
x approaches 2 from the left > | < x approaches 2 from the right

X 15 [ 175 [ 1.9 | 1.99 | 1.999 2 2001 [ 201 | 21 [ 225 | 25
f ()

Informal Definition of a Limit

Suppose a function f is defined on an interval around x = ¢, but possibly not at the point x = c itself. Suppose that as x
becomes sufficiently close to c, f (x) becomes as close to a single number L as we please.
We then say that the limit of f (x) as x approaches c is L, and we write

limf(x)=L.

X—>C

In other words, a limit of a function as x approaches c is defined to be the real number (y-value) that the function
approaches when the x-value gets closer and closer to c.

c) Apply this definition to the function from above to find the Iin; f(x).

Example: Use the graph to find Iin; g(x), where g is defined as y

IO

X=2

So, limits exist when the y-value gets close to a specific point (even if that point isn’t actually part of the graph).
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AP Calculus

When Limits Do Not Exist

If there does not exist a number L satisfying the condition in the definition, then we say the lim f (x) does not exist.

X—C

Limits typically fail for three reasons:
1. f(x) approaches a different number from the right side of ¢ than it approaches from the left side.
2. f(x) increases or decreases without bound as x approaches c.

3. f(x) oscillates between two fixed values as x approaches c.

Example: Investigate (use a graph and/or table) the existence of the following limits.

X
@) im 2 .
x—=0 ¥
> X
X -05 | -025| -0.1 | -.01 | -.001 .001 .01 A .25 5
f(x)
y
(b) lim
M(X_l)z
X
X 0 5 9 .99 .999 1 1.001 | 1.01 1.1 1.5 2
f(x)

(c) limsin [lj ... Try graphing this on your calculator.
X

x—0

First convince yourself that as you move to the right in the chart below x is actually getting closer and closer to 0.

2

; 3

Asx—=>0

f(x)
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Properties of Limits ... Finding Limits By Direct Substitution

For many “well — behaved” functions, evaluating the limit can be found by direct substitution. That is,
limf (x)=f(c)

X—C

Such well — behaved functions are continuous at c. We will study continuity of a function in §2.3.
The following theorems describe limits that can be evaluated by direct substitution.

Let b and ¢ be real numbers, let n be a positive integer, and let f and g be functions with the following limits.
limf(x)=L and limg(x)=K

X—C

limb =b limx =c lim[ f (x)£g(x)]=L£K
lim[ f(x)-g(x)]=LK lim[b- f (x)]=bL lim[ f (x)]* = L%
provided r and s are integers and s =0
lim (X) =L ;provided K =0
X—¢ g(x) K

Example: Use the given information to evaluate the limits: lim f (x)=2and limg(x)=3

X—C X—>C

&) tim{50(x)] B tm[ £ ()9 (x)]
o) tim[ £ (x)3(x)] 9 -]

When dealing with a constant value for c, realize that the properties in the box above basically allow us to evaluate a limit
by plugging in the value of ¢ everywhere there is an x. Be careful with your variables.

Example: Find each limit

8) lim(-x +1) b fim XX+
x—1 x-3 X—4
c) m(sh2+2h) d) m(sxz—zxmsh)
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Other Strateqgies for Finding Limits

If a limit cannot be found using direct substitution, then we will use other techniques to evaluate the limit.

7 Keep in mind that some functions do not have limits.

If direct substitution yields the meaningless result % then you cannot determine the limit in this form.

The expression that yields this result is called an Indeterminate Form. ... DO SOMETHING ELSE!

When you encounter this form, you must rewrite the fraction so that the new denominator does not have 0 as its limit. One
way to do this is to cancel like factors, and a second way is to rationalize the numerator, and a third is to simplify the
algebraic expression and evaluate the limit by direct substitution again.

2_ —
Example: Find the limit: lim 2% —X=3
D E |

VX+1-2

Example: Find the limit (if it exists): Iin; 3
X— X_

[Y(x+4)]-(14)

Example: Find the limit (if it exists): Iing
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One - Sided Limits

One of the reasons a limit did not exist is because the function approached a different value from the left than it did from
the right. Suppose we have the graph below. y

Earlier, we would have said that the limit as x approaches ¢ does not exist because as x approaches c from the left, the
function approaches K, and as x approaches c from the right, the function approaches L. However, sometimes we are
interested in what the function approaches as x approaches only from the right or left of c. We can say this using the

following notation:

lim f (x)=L ... “the limit of f (x) as x approaches ¢ from the right is L”

x—c*

lim f (x)=K ... “the limit of f (x) as x approaches c from the left is K”

X—C"

Thus, we can say that the limit of a function as x approaches any number c exists if and only if the limit as x approaches c
from the right is equal to the limit as x approaches ¢ from the left. Using limit notation we have

lim f (x) exists < lim f(x)=lim f (x)

X—C X—C X—>C"

5-2x x>2 .

Example: Let f(x)=
P () {3x+1 X<2
a) Graphf (x)

b) Find lim f (x). «

x—>2*

¢) Find lim f (x)

Xx—2"

d) What can you say about Iin’zl f(x)?

Example: Investigate the Iir’rgw by sketching a graph and making a table.
X—> X

You must understand that while using a graph and/or a table, we may be able to determine what a limit is, we have not
proved it until we algebraically confirm the limit is what we think it is. The proof of the above limit requires the use of the
sandwich theorem. (See notes on pages 2-7 and 2-8) ... YOU SHOULD REMEMBER THIS LIMIT!

Example: Evaluate the following limits, showing all your work where appropriate.

. sin© . sinbx . sinx
a) gm b) lim—— ¢) lim—;
50 © x>0 4X x>0 5x° 4+ X
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The Sandwich Theorem (a.k.a. The Squeeze Theorem)

The Sandwich Theorem

If g(x)< f(x)<h(x) forall x=c insome interval about c, and
limg(x)=limh(x)=L,

X—C X—>C

then
limf(x)=L.

X—C

In other words, if we “sandwich” the function f between two other functions g and h that both have the same limit as x
approaches c, then f is “forced” to have the same limit too.

c

Example: Prove that m% =1. Todo this, we are going to use the figure below. Admittedly, the toughest part of using

the sandwich theorem is finding two functions to use as “bread” ©.

First, we need to find lim % In order to do this we need to restrict 8 sothat 0< 8 < % . Why are we able to do this?
60"

y
a) Find the area of AOAP . 4 -
P
b) Find the area of sector OAP. i
an
c) Find the area of AOAT . 0 .—i . X
o Q A(1,0)
— _/

d) Set up an inequality with the three areas from parts a, b, and c.

e) Divide all three parts by %sin 6. Why do the inequality signs stay the same?
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f) Make the middle term % Hint: If your middle term doesn’t look anything like this, start over! ©

g) Use the Sandwich Theorem to show that lim sing =1.

x—0"

h) Show that f(0) :¥ is an even function.

i) Since f(0) :¥ is an even function, what can you conclude about lim ﬂ?

x—0"

j) Explain why we can conclude that Iimﬂ =1.

x—0
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22LIMITSINVOLVING INFINITY

Notecards from Section 2.2: Definition of a horizontal asymptote, Definition of a vertical asymptote, End Behavior, End
Behavior Models, Oblique (Slant) Asympototes

We are going to look at two kinds of limits involving infinity. We are interested in determining what happens to a function
as x approaches infinity (in both the positive and negative directions), and we are also interested in studying the behavior of
a function that approaches infinity (in both the positive and negative directions) as x approaches a given value.

Finite Limtsasx -+ o

Example 1: Investigate lim f (x) and lim f(x) for f(x):l.
X

X—00 X—>—00

Example 2: Investigate lim f (x) and lim f(x) for f(x):zx_1

X—00 X—>—0 X+3 .

Definition: Horizontal Asymptote

The line y=bis a horizontal asymptote of the graph of a function y = f (x) if either

lim f(x)=b or lim f(x)=b

X—00 X—>—00

Rational Functions (two polynomial functions divided) have the same horizontal asymptote in both direction

Horizontal Asymptotes of Rational Functions

Definition: End Behavior Model

m

For a rational function Exn—+ where mis the degree of the numerator and n is the degree of the denominator. The end
X" .-

m

. . ax a
behavior model can be written as F or Ex
X

m—n

We can use the end behavior models of rational functions to identify any horizontal asymptotes the function.
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f(x)

If f(x)=ax"+--and g(x)=bx"+--- then —— takes on three different forms.

g9(x)

End Behavior Model End Behavior Asymptote

Degrees are equal
m=n

Larger degree in denominator
m<n

Larger degree in numerator
m>n

Example 3: For each example below do the following:
i) Write the end behavior model.
ii) Evaluate each limit.
iii) Determine whether or not there are any horizontal asymptotes. If so, what is the equation?
iv) Determine whether or not there are any slant (oblique) asymptotes. If so, what is the equation?

. 2X+5
a) hm-—7r—————
X 3X° —6X+1

2_
b) lim 2X°—3X+5
x>0 X" 41

X3 +9
¢ lim>2—=2"=
X—>00 3)(—3

Functions that have more than one horizontal asymptote

In the previous examples, if there was a limit as x approached positive infinity, the limit as x approached negative infinity
was the same. This occurs whenever you have a rational function.

However, there are functions that have more than one horizontal asymptote.

X X
Example 4: Investigate lim 5+2 and lim S+2
x—0 32 x——0 32X
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A general rule for functions that are divided (not necessarily rational functions) is that if the denominator “grows” faster
than the numerator, the limit as x approaches infinity will be 0. If the numerator “grows” faster than the denominator, then
as x approaches infinity, the limit will not exist.

sin X . . sinx
——=1. Investigate lim——.

Example 5: In the last section we proved that Iing
X—> X X—0 X

It should come as no surprise that the proof of this limit involves the Sandwich Theorem. © See the text if you just can't
contain your curiosity. The limit properties that we used when x approaches c are still valid as x approaches infinity.

Infinite Limitsasx —a

A second type of limit involving infinity is to determine the behavior of the function as x approaches a certain value when
the function increases or decreases without bound.

. 1 1
Example: Investigate lim = and lim —.
x—0" X x—0" X

Definition: Vertical Asymptote

The line x = aiis a vertical asymptote of the graph of a function y = f (x) if either

lim f(x)=40 or lim f(x)=zw

x—a" X—a

***This occurs whenever there is a value of x that gives you a 0 in the denominator (but not the numerator).

Important 2 : Infinity is NOT a number, and thus the limit FAILS to exist in both of these cases. If this seems confusing,
then use the notation as x — a (from the right or left), then the function f (X) » * .

Example: Find the vertical asymptotes of f (). Describe the behavior of f (x) to the left and right of each asymptote.
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2.3 CONTINUITY

Notecards from Section 2.3: Definition of continuity at x = ¢, Types of Discontinuities, Intermediate Vaue Theorem

In 82.1 we referred to “well behaved” functions. “Well behaved” functions allowed us to find the limit by direct
substitution. "Well behaved" functionsturn out to be continuous functions. In this section we will discuss continuity at a
point, continuity on an interval, and the different types of discontinuities.

In non —technical terms, afunction is continuousif you can draw the function “without ever lifting your pencil”. The
following graphs demonstrate three types of discontinuous graphs.

y y y

A A 4

- — -

Discontinuities. Removable versus Non-Removable

To say afunction is discontinuousis not sufficient. We would like to know what type of discontinuity exists. If the
function isnot continuous, but | could make it continuous by appropriately defining or redefining f(c), then we say that f
has aremovable discontinuity. Otherwise, we say f has a non-removable discontinuity.

Once again, informally we say that f has aremovabl e discontinuity if thereisa“hol€’ in the function, but f hasanon-
removable discontinuity if thereisa“jump” or a vertical asymptote.

** All polynomials are continuous.

For rational functions, wetry to algebraically “remove’ the discontinuity by canceling factors found in both the
denominator and the numerator if possible. (Occurswhen we get 0/0 we evaluating limits).

Example 1: Which (if any) of the three graphs above have aremovable discontinuity?

Let’s go back to the example we used in §2.1 when we discussed one — sided limits.

A

;)

v
X

Example 2: Find the points (intervals) at which the function above is continuous, and the pointsat which it is
discontinuous.
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Definition: Continuity at a Point

Interior Point: A functiony =f (X) is continuous at an interior point c of its domain if
limf (x)=f(c)

X—C

£2: Thislast statement impliesthat lim f (x) exists. Thislimit only existsif the limit from theleft and right of ¢ are equal!
It also implies that the function valueat c ... f (C) exigts.

Endpoint: A functiony =f (X) iscontinuous at a left endpoint a or iscontinuous at aright endpoint b of itsdomain if
limf(x)="f(a) or lim f(x)=f(b), respectively.
X—b~

x—a’

Example 3: Go back tothelast picture. Forc=1, 2, and 3, findf (c), lim f(x), lim f(x), and lim f (x) if they exist.

X—C

(Can you see how all the parts of the definition of continuity are important?)

Example 4: Discuss the continuity of each function

(@ f(x):é
2x% +x-6
O o=

-2x+3 ;x<1

LR

Xx>1
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Using the Continuity Definition

Example 5: Determine the value of k such that the function is continuous on the entire real line.
X*4+7 ifx>1
g(x)= .
x+k ifx<l

Example 6: Determine the value of k in order to make the function continuous for all real numbers.

Xt —

1
h(x)=1 x—1
k ifx=1

ifx=1

Properties of Continuity

If bisareal number and f and g are continuous at x = ¢, then the following functions are also continuous &t c.

1. Congant multiple: bf 2. Sumand difference. f £ g

3. Product: f
g 4. Quotient: f ;9(c)=0
g

The Intermediate Value Theorem (1VT)

If f iscontinuous on the closed interval [a, b] then f takes on every value between f (a) and f (b).

Suppose k is any number between f(a) and f(b), then there isat least one number cin [a, b] such that f(c) = k.

7. Thelntermediate value theorem tells you that at least one c exigts, but it does not give you a method for finding c.
Thistheorem is an example of an existence theorem.

Example 7: In the Intermediate Value Theorem ...
a) What are the necessary requirementsin order to apply this theorem?

b) kison which axis?

¢) cisonwhich axis?
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Example 8: Consider the function f below.
» Isf continuouson [a b] ?

> Iskbetween f (a) and f (b) ?

f(a)

» Inthisexample, if a<c<b,
then thereare c's
such that f (c) = k.

f(b)

> X » Labe thec'son thegraph as
a b
C,C,,...

2
Example 9: Let f(x): X +1X. Verify that the Intermediate Value Theorem appliesto the interval
X_

2,4} and find the

value of ¢ guaranteed by the theorem if f (c)=6.
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24RATESOF CHANGE AND TANGENT LINES

Notecards from Section 2.4: Definition of Average Rate of Change, Definition of Ingantaneous Rate of Change.

Average Rates of Change

Example 1: Remember thisexample? ... Wile E. Coyote, once again trying to catch the Road
Runner, waits for the nastily speedy bird atop a 900 foot cliff. With his Acme Rocket Pac
strapped to his back, Wile E. is poised to leap from the cliff, fire up hisrocket pack, and finally
partake of ajuicy road runner roast. Seconds later, the Road Runner zips by and Wile E. |eaps
from the cliff. Alas, asalways, therocket malfunctions and failsto fire, sending poor Wile E.
plummeting to the road below disappearing into a cloud of dust.

Let’slook at this problem from a graphical perspective. The equation that models WileE.'s
height at any timet isgiven by

s(t) = —16t* +900
A graph of thisequation is shown below.

S

100

1 h

a) Find the points on the graph that correspond to Wile E'sposition att =0 and t = 5 seconds.
b) Draw thelinethat passes through these points, and find the Slope. What does this value mean?

The line you drew on the graph can be called a secant line. A secant lineis alinethrough any two points on a curve. Just
like we did in this example, we can aways think of the average r ate of change as the dope of the secant line. To find the
dlope of the secant line above we divided the total change in s by the total changeint. To find the average rate of change in
the position (a.k.a. velocity) we found the total change in position divided by thetotal changein time.

We are able to find Wile E.’ saverage velocity for any period of time following the same procedure as above. Do you
remember the problem we had finding the vel ocity of poor Wile E. Coyote at an exact moment in time? If we wanted to
find the velocity of Wile E. Coyote at exactly 5 seconds, we tried to determine the average velocity using values of t that
werecloser and closer tot = 5.

¢) Find Wile E.’saverage velocity (rate of change) fromt =4tot =5 seconds. Graphically show this above.

d) Find WileE. s average velocity (rate of change) fromt=4.5tot =5 seconds. Graphically show this above.

e) Find Wile E.’saverage velocity (rate of change) fromt =4.9tot =5 seconds. Graphically show this above.

d) What do you think would be the graphical interpretation of the velocity at exactly 5 seconds?
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Sopeof aTangent Line ... aka“ Sope of a Curve at a Point”

For a general curve, the equation of the tangent line simply bails down to finding the slope of the tangent line. (Since we
already have a point of tangency, if we knew the slope we would be able to write the equation of aline.)

We can approximate the dope of the tangent line using a secant line.

If P (a, f(a)) isthe point of tangency we are concerned with, then we can pick an arbitrary point Q on the graph and
estimate the tangent line at P using the slope of the secant line through P and Q.

Example 2: What isthe dope of the secant line? y

b

secant line

Q(a+h, f(a+h))

fa+h) —f(a)

P(af(@)

X

The beauty of this procedure isthat you can obtain more and more accurate approximations to the slope of the tangent line
by choosing points closer and closer to the point of tangency.

Example 3: How do we get closer and closer to the point of tangency?
Draw at least 3 more secant lines, using a point closer to P each time.
As h— 0, the slope of the secant line approaches the slope of the tangent line.

Sope of a Curve

The dope of alineisalways constant. The slope of a curve is constantly changing. Think of a curve asaroller coaster that
you areriding. If for somereason the “track” wereto just disappear, you would go flying off in the direction that you were
traveling at that last ingtant before the track disappeared. The direction that you flew off to would be the slope of the curve
at that point.

Using the dlope of the secant line from the last example, we have the following definition.

Sope of a Curve at a Point

The dope of thecurvey =f (x) at the point P (a, f (a)) isthe number

m:”mw,
h—0 h

provided the limit exists.

f(a+h)—f(a)

7. Theexpression iscalled adifference quatient.

Your goal isto SIMPLIFY the difference quatient, THEN evaluate the limit as h approaches 0.

The difference quotient is S mplified when you have cancelled the h in the denominator in an algebraically correct way.

2-17
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Finding the Equation of a Tangent Line

Thetangent lineto the curve at P isthe equation of aline. Thusweneed apoint ... P ... andadope ... thelimit ash
goes to zero of the difference quotient.

The dlope might not exist because the limit doesn’t exist (discontinuity, vertical asymptote, oscillating function) or because
the tangent line has a vertical slope.

** For atangent linethat exists, but has no dope, this definition doesn’t quite fit. To cover the possibility of a vertica
tangent line, we can use the following definition.

If f iscontinuous at a and
im f(a+h)-f(a) .
h—0 h

the vertical line, x = aisavertical tangent lineto the graph of f.

Example 4: What types of graphswould have vertical tangent lines?

Example 5: Before we use this definition, be sure to become comfortable with the notation f (a + h).

8 If f(x):%,whatis f()?... f(ath)?
b) If f(x)=x"—4x,whatis f(a)?... f(a+h)?

c) If f(x)=+4x+1,whais f(a)?... f(a+h)?

Example 6: Back toexamplel ... Let f(x)=—16x*+900. Find the slope of the curveat x = 5.

7 Thiswould be the instantaneous vel ocity of Wile E. Coyote at exactly 5 seconds!
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Normal Line

The normal lineto acurve at apoint isthe line perpendicular to the tangent at that point.

Example: Let f(x)= ol

a) Findtheslope of thecurveat x = a.

b) Findthe dope of thecurveat x = 2.

¢) Writethe equation of the tangent line to the curve at x = 2.

d) Writethe equation of the normal lineto the curve at x = 2.
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